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Abstract-Solutions are obtained for the problem of an infinite elastic beam subjected to
essentially constant velocity boundary conditions at one point of the beam. The effects of finite
deflections, normal force, rotatory inertia and shear deformation are included. The equations
of the problem are converted into non-dimensional form and a perturbation approach is used
to obtain a consistent approximation. Numerical solutions are obtained for the bending
moment, shear force and the normal force for different velocities of impact. It is shown that
the solution to the problem depends on a combined geometrical and material parameter which
does not vary significantly for compact sections and a loading parameter which determines the
amplitude of the response. Finally the linear Timoshenko beam theory is shown to predict the
bending moment and shear force extremely well even when the deflections are large enough to
cause appreciable stretching of the centroidal axis.

INTRODUCTION

Timoshenko beam theory has been widely used in the analysis of the dynamics of elastic
beams. Unlike the elementary Euler-Bernoulli analysis, the Timoshenko beam theory
includes the effects of shear deflections and rotatory inertia and leads to hyperbolic partial
differential equations. Transform techniques have been used to derive solutions for semi
infinite Timoshenko beams for a variety of end loadings by Miklowitz [1), and Boley and
Chao [2]. Plass [3], and Leonard and Budiansky [4] employed characteristic theory to solve
the Timoshenko beam equations for pulse type loading. Results from the Timoshenko
beam theory have been shown to be in good agreement with experimental observations by
Goland, Wickersham and Dengler [5], and more recently by Ranganath [6]. However, these
studies do not include the non-linear effects of large deflection and the membrane force
resulting from the stretching of the middle surface. The purpose of the present paper is to
provide a more general analysis which includes these effects in order to determine the range
of validity of the linear small deflection theory. Particular attention is given to the question
(see e.g. Durelli [7]) of the importance of membrane stresses in the response of a beam
subjected to transverse impact.

Lee [8] has derived a system of first order partial differential equations governing the
dynamics of beams subjected to finite deflections but sufficiently small strains for linear
elastic material behavior to be an appropriate idealization. His analysis includes the effects
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of large deflections, membrane force, shear deformation and rotatory inertia. He has shown
that the system of equation is hyperbolic; that two of the three non-zero characteristic
speeds are equal, and equal to the elastic bar velocity; that for small values of the membrane
tension the third characteristic speed reduces to the velocity of shear waves in Timoshenko
beam theory whereas for large values of membrane tension it reduces to the velocity of
waves in an inextensible string.

In the present analysis, equations analogous to those derived by Lee [8] have been solved
approximately by using a perturbation theory approach to simplify the equations and inte
grating the resulting equations by means of finite differences. Numerical solutions are
obtained for the case in which the transverse velocity of a point on an infinite beam is
increased rapidly to a prescribed value and then maintained constant thereafter.

Minor differences exist between equations (8) herein and corresponding dimensionless
counterparts of Lee's equations [8]. These differences are due to different choices with
regard to three aspects of the two formulations. First, in the present paper the authors have
chosen to regard stress resultants as three of the dependent variables instead of the three
deformation measures empolyed by Lee. Second, the authors have taken the constitutive
equations to be linear relationships between material time derivatives of stress resultants and
rates of deformation relative to the current configuration, whereas Lee assumed a linear
relationship between stress resultants and the corresponding generalized strain. Third, the
authors have used the arC length s along the beam in the current configuration as the
independent space variable whereas Lee used distance S in the undeformed configuration.
The two formulations are equivalent in all important respects for the small strain case
assumed in both investigations. Stress resultants have been chosen as three of the dependent
variables in the present investigation because these quantities appear directly in boundary
conditions where forces and moments are prescribed. The assumption of a constitutive
equation which is linear in stress resultant rates and deformation rates as opposed to linear
in the stress resultants and deformation measures themselves is made because it is expected
that the former assumption is a good approximation for larger extensions than the latter.
This expectation is based on the fact that the former assumption exhibits a reduction in
stiffness of a tensile bar with increasing extension, which is to be expected due to reduction
of the cross-sectional area through lateral contraction. The choice of the current length s
as the space coordinate is made because the rate of deformation measures used in the consti
tutive equations are expressed more conveniently in terms of derivatives with respect to s
than with respect to the initial length S.

GOVERNING EQUATIONS AND STATEMENT OF PROBLEM

Consider the plane deformation of a beam loaded in one of its planes of symmetry. Let
the velocity at time t of a point on the centroidal axis of the beam at s (see Fig. la) be
denoted by the velocity vector V(x, t) given by

V = v'll + ul; (l )

where t), ~ are unit vectors normal and tangential, respectively, to the centroidal axis at
s; v and u are therefore the normal and tangential components of the velocity of a point
on the centroidal axis. Taking the material time derivativet of (l), and making use of the

t The material time derivative!of a function f(s, t) is defined by

8f 8ff=- + U-.ot os
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(2a)

(2b)

(3)

(5c)

(5a)

(5b)

'it = - (av + uao) ~as as

~ = (av + uao) 'Ias as
where ao/as is the curvature of the centroidal axis, we obtain the following expression for the
acceleration vector

v = {av + uav + u(av + uao)}'1 + {au + uau _ v(av + uao)}~.
at as as as at as as as

As in the linear Timoshenko beam theory [9] a cross-section of the beam is assumed to
remain plane, but not necessarily perpendicular to the centroidal axis. The angular velocity
of a cross-section is denoted by w(s, t).

Let the force acting on a cross-section perpendicular to the centroidal axis (see Fig. Ib) be
denoted by the vector F(s, t) given by

F = Q'I + N~ (4)

in which Q is the shear force in the direction 'I and N is the normal force (membrane force)
in the direction ~. Let the bending moment about an axis through the centroid be denoted by
M(s, t). Then, in terms of the generalized particle velocities u, v, wand the generalized
stresses N, Q, M defined previously, the following equations of motion can be derived by
consideration of the beam element shown in Fig. 1(b).

aM raw aw}-+Q=pl-+u-as at as
aQ ao {av av (av ao)}- + N- = pA - + u- + u - + u-os as at as as as
aN _ Q00 = PA{au + u au _ v(av + uao)}
as as at as os as

In equations (5), p is mass density, A is cross-sectional area and I is the moment of inertia
of the beam cross-section about the centroidal axis perpendicular to 'I and ~.

In addition to the equations of motion (5) the governing system of equations consists of
one kinematical condition and three constitutive equations. The kinematical condition is

ao av
- = - (6)at as

which follows directly from (2) and either of the identities ~ = 0'1 or 'it = - 0;. The three
constitutive equations are taken to be the three linear rate equations

. ow
M=N- ~as

Q = K(O - w) = K(av + uao - w) (7b)as as

N = EA(au _ vao) (7c)as as
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Fig. 1. Beam geometry and stress resultants.

in which E is Young's modulus and K = k'AG where G is the shear modulus and k' is a
"shear coefficient" (k' = 5/6 and 9/10 for rectangular and circular beams, respectively).
The rates of deformation appearing on the right side of (7a) and (7b) are self-explanatory.
The term in parenthesis on the right side of (7c) is the rate of stretching (AI.Ie) where .Ie = dsldS
is the stretch of the centroidal axis. Equation (7c) is equivalent to the relation

N = AE 10geU). (7c)

(8a)

(8b)

Equations (5-7) can be put in non-dimensional form by introducing the dimensionless
variables:

s t
S = L' t = (Llc

o
)' R = c2/co

u v w
U=- V=- W=--

co' C2' (coiL)

_ N _ Q _ ML
N=-- Q=-- M=-

pAco
2

' pAc22 ' pIco
2

where Co = JElp is the longitudinal bar velocity and C2 = Jk'Glp is the velocity of shear
waves in the Timoshenko beam theory; L is a characteristic length for the problem being
considered. In terms of dimensionless variables, equations (5-7) become

aM (AL
2

) 2- ow _owas + -/- R Q = at +U OS

2 oQ - 00 (OV av) 2 00R - + N - = R - + 2ii - + it -as as at os OS
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oQ oQ au 00
-+ii-=R~-ijj+u---=
Oi as as os

aN aN au 00
-+u-=--Ru~at as os as

ao vu
~=R~.ot as
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(Sc)

(8d)

(8e)

(Sf)

(8g)

Equations (8) constitute a system of seven first order hyperbolic partial differential
equations in seven unknowns. The characteristic speeds ds!dl care

c = ii ± I (double root)

C=U ±JR2 + N

c= ii.

(9a)

(9b)

(9c)

These speeds are equivalent to those obtained by Lee [8], provided that proper consideration
is given to the minor differences in the two theories, as described in the Introduction.

We seek a solution of equations (8) for the case of a rapidly imposed transverse velocity
at an arbitrary section, s= 0, of an infinite beam. We assume that the beam is initially
unstressed and at rest in a horizontal position. From symmetry we need to consider only the
semi-infinite region s ~ O.

The boundary conditions at s = 0 are

-(0 -) YoU)v ,t =--
Cz

u(O,1) = 0

w(O, i) = 0

(lOa)

(lOb)

(IOc)

where Vo(i) is the imposed transverse velocity. Conditions (lOb) and (We) result from sym
metry. Thus, in the region s~ 0, t ~ 0, we seek a solution of (8) which vanishes identically
for t = 0 and satisfies the boundary conditions (10) on s= O.

Before proceeding with the solution of the stated problem, we note that equations (8)
depend on two-dimensional parameters: (AL21I) and R. The former parameter can be made
to be unity by defining the characteristic length L to be the radius of gyration of the cross
section. The second parameter, R = C2!CO , is given by

(11)
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where v is Poisson's ratio. For most materials Poisson's ratio is approximately 0·3. Also,
the shear coefficient k' does not change greatly for compact sections. Thus, R does not vary
appreciably for compact beams; for the numerical examples we take R = 0·566 which
corresponds to v = 0·3 and k' = 5/6 (i.e. a rectangular cross-section). For fixed R, and step
function time dependence of the prescribed velocity Vo(t), the dimensionless solution depends
on a single dimensionless parameter vo/cz where Vo is the imposed velocity.

Numerical solutions of (8) can be obtained by finite difference techniques for various
values of vo/cz. Small values of vo/cz lead to solutions which, at early times, agree with
results from linear Timoshenko beam theory. As uo/cz increases, and the duration ofloading
increases, the membrane force Jil and its influence on the dynamics of the beam becomes
increasingly important. Thus, by comparing solutions for various values of vo/cz it is
possible to determine the range of imposed velocity and loading duration for which the
linear theory provides an adequate description.

Instead of solving equations (8) directly by means of finite differences it appears that more
insight into the influences of finite deflection and membrane force is obtained if the solution
is first expanded in powers of 8 = uo/cz . Hence, all dependent variables in (8) are expanded
in the form

(12)

Substituting representations of the form (12) into (8) and equating terms of first order in f;

we obtain

aMI z aWl
as + R QI = al

RZ aQI = R au!
as at

aN! au!
-=-
as at

aM! aw!
--=-at as
aQ! oUI
-- = R- - W!at as

aN! au!
at = as

Also, the boundary conditions (10) become

(l3a)

(13b)

(13c)

(13d)

(l3e)

(I3f)

(13g)

(14a)

(14b)

(14c)
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(l6a)

In order for N
l

and U l to satisfy (l3e), (13f) and the boundary condition (14b) these func
tions must be identically zero. The equations governing M l , Ql' (1)1 and VI are the same as
the governing equations in the Timoshenko beam theory employed by Ranganath [6]. The
solution of these equations which satisfies the boundary conditions (14a) and (14c) has
been obtained by Ranganath [6] by means of Laplace transforms. From (I 3e) and (13g) the
rotation 01 can be expressed in terms of Ql and (1)1 by

01 = Ql +r(1)1 dt. (15)
o

Thus, the solution for the first order terms in expansions of the form (12) can be regarded
as known and equal to the linear Timoshenko beam theory solution.

In order to obtain an estimate for the membrane force IV it is necessary to retain higher
order terms in e in (8c) and (8f). Equating terms of second order in e we obtain

oN2 _ R 2Ql 001 = aU2 _ R2v
l

OVl
OS as vi os

(I6b)

as the governing equations for N2 and U2' In principle, an exact solution of equations (16)
could be obtained by introducing Laplace transforms, making use of the known transform
solutions for Q1' 01' (1)1' and inverting the resulting Laplace transform of the solution N 2,
U2' However, previous experience [6] with evaluation of integrals which arise in the inversion
of transform solutions for problems in Timoshenko beam theory indicates that except at
stations near the impact face (e.g. s < 50) the integrand oscillates rapidly and accurate
numerical solutions are difficult to obtain. For this reason, it has been found that the second
order accurate difference method introduced by Ranganath and Clifton [10] is a more
efficient means for obtaining numerical solutions for M l, Q1' (1)1' VI in the problem defined
previously. Thus, it appears that the difference method [10] should be more efficient than
the Laplace transform method for obtaining numerical solutions for N 2 and U2 • Conse
quently, numerical solutions of (16) as well as (13), are obtained by means of the finite
difference method [10] which makes use of integration of ordinary differential equations
along characteristics. The incremental relations along characteristics corresponding to
equations (l3a), (l3b), (16a), (13d), (l3e), (l6b), and (l3g) can be shown, using well known
procedures (e.g. Courant and Hilbert [11]), to be

dMl =+ d(l)l ± R2Q1di = 0 along
ds
-= +1 (17a)di -

dQl =+ dVl + (1)1 di = 0 along
ds
-= +R (l7b)
di -

dOl - dQ1 - (1)1 di = 0 along ds =0 (l7c)
di

ds
along dl = ± 1. (17d)
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Equations (17a-17c) determine M, Q1> Wi' Vi' and (]i whereas equation (17d), determine Nz
and Uz when solved simultaneously with (17a-17c).

Numerical solutions of (17) have been obtained by means of the difference method [10]
which is an extension to second order accuracy of the method introduced by Courant,
Isaacson and Rees [12]. Since the method applies directly only to problems in which the
solution is continuous, the jump in the imposed transverse velocity at t = 0 was eliminated
by introducing a finite rise time for the imposed velocity to attain the value Vo . The function
Vo(l) was assumed to have the parabolic form

(18)

where to is a dimensionless risetime. The value to = 40 was assumed for the numerical
computations; the solution at times later than to after the arrival of the wave front is
relatively insensitive to the assumed value for to' The nondimensional mesh sizes ~s and ~t

were both taken to be equal to 2·5. Numerical trials with larger mesh sizes indicate that
larger mesh sizes could be used without significant loss in accuracy.

DISCUSSION OF RESULTS

The functions determined by, the integration of equations (17) do not depend on the small
parameter e = vo/cz . Therefore, an approximate solution to the original problem is obtained
for a range of impact velocities by solving equations (17) only once and then making use of
expansions of the form (12). In this approximate solution the quantities M, Q, w, 8, lJ are
proportional to e whereas N and it are proportional to eZ

• Thus, for example, as e increases
the stresses due to the normal force N become more important relative to the stresses due to
the bending moment M. A direct comparison of the relative magnitudes of the stresses due
to these two generalized forces is the ratio N/M which, from the definitions of the dimension
less quantities, is equal to the ratio of the longitudinal stress due to the normal force N to
the longitudinal stress (at a distance L from the centroidal axis) due to the bending moment
M. The ratio N/Qis (1/R Z

) times the ratio of the longitudinal stress due to N to the average
shear stress on the cross-section.

Figures 2 and 3 show the time dependence of the approximate generalized stresses
M ~ eMi , Q~ eQi' N ~ eZNz at two stations and for three impact velocities. From Fig. 2,
the impact velocity vo/cz = 0·015 corresponds to an extreme fiber stress in bending at s= 0
which is approximately 1·5 % of the elastic modulus E for the material (i.e. stress (j =
Md/(2I) = J3 ME ~ 0·015E). Since this stress is beyond the yield stress in essentially all
metals, larger impact velocities would require a theory which includes plastic deformation
(see e.g. [13]). Because N in Fig. 2 is a monotonic increasing function of time whereas M
becomes constant after an initial risetime, the solution predicts that the relative importance
of N increases with increasing time. At vo/cz = 0·015 the value of N at the latest time shown
in Fig. 2 corresponds to a normal stress of 0·000517E, which is approximately 3'5 %of the
maximum stress 0·015£ due to bending. Thus, even at the highest impact velocity and the
latest time considered, the stress due to the normal forces is small relative to that due to
bending. At sufficiently late times the stresses due to the normal force finally dominate those
due to bending. However, the duration for which the perturbation solution remains valid
has not been established.
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The oscillatory character of the time dependence of the bending moment shown in Fig. 3
agrees with experimental results shown in Fig. 3 of [6]. The dimensionless distance s = 50
corresponds to a distance of 1·80 in. for the 1/8 in. thick beams used in [6] and the shape
of the moment time profiles lies between the shapes observed in the experiments at distances
of 1·50 and 2·00 in. The calculations show that, as expected from characteristics theory, the
wavefront of bending moment and shear actually propagates at the characteristic speed
ds/di = 1; however, the amplitude near the wavefront is negligibly small so that the first
detectable part of the bending and shear disturbance propagates with a velocity slightly less
than 0·5 co' This aspect of the solution is also in agreement with the strain-time profiles
shown in Fig. 3 of [6]. The time dependence of the normal force at s = 50 is nearly the same
as at oS = 0 and is indicative of the weak dispersion exhibited by the computed longitudinal
wave. The amplitude of the impact velocity in [6] is slightly less than the lowest value for
which stress-time profiles are given in Fig. 3. Therefore, the predicted strain associated with
extension due to the normal force N is less than 6 x 10- 5 (i.e. strain e = (N/A)/E = N :(;
6 x 10- 5) which is less than O'5%of the extreme fiber strain (Le. J3 M) of 1·6 x 10- 2
which occurs at the first positive peak in Fig. 3 for VO/C2 = 0·005. The small strains asso
ciated with the normal force correspond to a vertical displacement of less than a line width
on the scale of the experimental strain-time profiles in Fig. 3 of [6]. Thus, it is not surprising
that such overall extensional strains were not observed even when experiments were carried
out specifically to investigate the significance of string forces [14].
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The dependence of the generalized stresses on distance at a fixed time is shown in Fig. 4.
The moment and shear distributions are oscillatory and essentially 900 out of phase. The
normal force varies slowly with distance, except near the wavefront S = 1. The longitudinal
particle velocity U2 is negative for 0 < s < t; the spatial dependence of U2 is similar to that
of N 2 except that U 2 goes sharply to zero near s = 0 in order to satisfy the boundary condi
tion (14b). In the region in front of the bending and shear disturbances in Fig. 4, the propaga
tion of the longitudinal wave is essentially non-dispersive with

N 2(S, l) + U2(S, l) ~ 0

Nis, l) - uis, l) ~ N2(Sb, l - (s - Sb)) - U2(Sb, l - (s - Sb»

(19a)

(19b)

where Sb is a position near the front of the detectable bending disturbance. Equations (19)
follow directly from equations (17d) in regions where Qt, Vi> 8t , W t are negligibly small.

Equations (19) can be used to give a physical interpretation of the normal force distribu
tion (e.g. Fig. 4) which arises under transverse impact. Between the point of impact and the
front of the bending wave the centroidal axis is extended due to transverse displacement.
This extension produces a tensile force which is propagated forward at the longitudinal
wave speed dsjdl = 1. Beyond the front of the bending wave the longitudinal wave becomes
essentially non-dispersive, in agreement with the elementary one-dimensional theory of
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longitudinal waves in bars. Thus, the longitudinal wave is generated in the region where
bending is occurring, but propagates on in front of the bending wave because the speed of
the longitudinal wave is greater than that of the dispersive bending wave.

CONCLUSIONS

By an appropriate choice of non-dimensional variables and a consistent approximation
neglecting higher order terms, the dynamic deflection of an initially straight beam subjected
to transverse impact is shown to depend on a combined geometrical and material parameter
which does not vary significantly and a loading parameter which determines the amplitude
of the motion. The normal or string force is proportional to the square of the impact velocity
and at any station increases monotonically with increasing time. Within the limits of the
approximate theory presented here, the elementary Timoshenko theory predicts the bending
moment and the shear force adequately even when there is significant stretching of the
centroidal axis. For impact velocities which are sufficiently small for the assumption of
linear elastic material behavior to be applicable, the stresses associated with the string force
are negligible relative to the maximum bending stresses provided that the loading duration
is not greater than approximately 103 times the transit time of waves through the beam
thickness.
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AOCT})llKT - PemaeTcli Bonpoc 6eCKOHe'iHoil: :maCTH1fBoil: 6aJIKH, nO,i:\BepraeMoil: B O,i:\HOil:
T01fKe rpaHH1fBbIM yCJIOBHHM nOCToHHHoil: CKOpOCTH. BKJIIO'iaIOTCH :J4JcPeKTbI: cPHHHTHbIX OT
KJIOHeHHH, peaKUHH MeM6paHbI, Bpal,i:\aTeJIbHoil: HHepl.\HH H ,i:\ecPopMal.\HH C,i:\BHra. YpaBHeHHH
np06JIeMbI nepeBO,i:\HTCH B 6e3pa3MepHYIO cP0PMY H,i:\JIH nOJIY1feHHH nO,i:\XO,i:\Hillero npH6JIHlKe
HHH npHMeHHeTCH annpOKCHMal.\HH B03MY1,i:\eHHH. G:HCJIeHHble pemeHHH npn pa3JIH'l.BbIX
CKOpOCTHX KOHTaKTa nOJIY1fHJIH ,i:\JIH H3rH6alOI,i:\erO MOMeHTa, ,i:\JIH CHJIbI C,i:\BHra H,i:\JIH peaKUHH
MeM6paHbI. HamJIH, 'iTO pemeHHe np06JIeMbI 3aBHCHT OT COBOKYfiHOCTH reoMeTJ)H'l.ecKOrO H
MaTepHaJIbHOrO napaMeTpoB, KOTopble ,i:\JIH KOMOaKTHbIX Y'!.aCTKoB CYl,i:\eCTBeHHo He pa3JIH'Ia
IOTCH H OT napaMeTpa Harpy3KH, KOTOpblil: onpe,i:\eJIHeT aMnJIHTY,i:\Y peaKl.\HH. II B KOHe'I.BOM
C'ieTe, TeopHH JIHHeil:Hoil: 6aJIKH THMomeHKo OKa3bIBaeTCH npe,i:\CKa3bIBaeT H3rn6a1Ol,i:\Hil:
MOMeHT H CHny C,i:\BHra y,i:\HBHTeJIbHO TO'iHO, ,i:\alKe, eCJIH OTKJIOHeHHH ,i:\OCTaT01fBO CHJIbHbIe,
'iTo6bI npH'l.BHHTb 3aMeTHoe paCTHlKeHHe l.\eHTpOH,i:\Hoil: OCH.


